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Fig. 3 Variations of shock angle and wedge angle, My = 6, Q0 =20,
equilibrium chemistry, ¢ = 0, 2.5, 5, 7.5, 10.

With the shocked state determined, the velocity can be re-
solved into components normal and parallel to the reaction
front and formulas similar to Eqgs. (4-6) applied again, now
with Q nonvanishing. In this case there are two roots. When
e = 0, this procedure recovers the results of the single-front
calculation.

Figure 3 is typical of the results obtained in this way. Curves
that terminate do so at points where the shocked flow is paral-
lel to the reactive front (o = 0). Note that negative wedge
angles are formally possible but seem unlikely to have physical
significance.

These results are of interest in the context of the calculations
of Fujiwara et al. for they show that increases in ¢ lead to a
commensurate increase in the final refraction angle. Specifi-
cally, e = 6 deg increases the maximum deflection by about 6
deg so that a wedge angle of 30 deg is possible. Since the
riumerical results for Q =20, M, = 6 reveal a value of ¢ of
about 10 deg (see Fig. 5 of Ref. 3), there is no contradiction
between the numerical results and the necessary conditions
defined by the Rankine-Hugoniot conditions.

Conclusions

Some of the numerical results for oblique detonations ob-
tained by Fujiwara et al. are not consistent with limits defined
by single-front Rankine-Hugoniot conditions. However, when
two-dimensional effects are accounted for in an approximate
fashion using a dual-front model, the inconsistency is elimi-
nated.
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Accuracy of Upwind Schemes
Applied to the Navier-Stokes
Equations
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Introduction

PWIND schemes for solving the compressible Euler and

Navier-Stokes equations have been known for almost 30
years, but they have been applied to predictions of flows about
complex geometries only relatively recently.

The Euler solvers based on the van Leer flux-vector split-
ting!3:6 are generally capable of accurate and reliable predic-
tions of two- and three-dimensional flows. They have been
extended to the Navier-Stokes equations by, among others,
Thomas and Walters,?> with mixed results. On grids with suffi-
ciently high resolution, the results were generally good. How-
ever, on coarser grids and grids with significant stretching, the
boundary layers were badly diffused. It has been shown re-
cently by Hénel et al.? that some of this excessive diffusion is
because of the application of flux limiters and formulations
that are formally of lower order accuracy than the third-order
upwind-biased MUSCL procedures.? Van Leer et al.! point out
that the van Leer flux-vector splitting in its finite-volume form
is actually neglecting the interaction of linear waves at cell
interfaces and, therefore, solves the corresponding Riemann
problem only approximately. A more accurate solution to the
Riemann problem at the cell interfaces (interface between two
states) as proposed by, for example, Roe,* will reduce the
effect of artificial dissipation. This has been demonstrated
conclusively in Ref. 1 for a few hypersonic cases. However,
based on these few cases, it is still difficult to make a general
statement.

The purpose of this Note is to present the results of a system-
atic comparison of the different forms of the van Leer flux-
vector splitting with Roe’s flux-difference splitting as applied
to a simple viscous configuration. Attention is paid to the
effects of spacial accuracy, grid resolution, and grid stretching
on the accuracy of the resulting flowfield.

Approach

The comparison of the different schemes was carried out for
a flat plate at a freestream Mach number M, = 0.5 and refer-
ence Reynolds number Re, = 5 X 10%. A rectangular grid with
uniform spacing along the plate and various degrees of stretch-
ing in the normal direction extended two unit lengths down-
stream and three unit lengths (10 boundary-layer thicknesses at
the outflow) in the direction normal to the plate. The main
goal of the present work was the detérmination of the accuracy
of the different schemes as a function of the various rates of
stretching of the grid in the normal direction; therefore, the
usual grid refinement study was performed for constant grid
stretching. Since a simple geometric grid distribution was
taken in the normal direction, the stretching factor f was con-
stant throughout the grid and was defined as the ratio of two
spacings in the y direction (normal to the plate), f = (Ay;/
Ay;_,). Three rates of stretching were selected for this study:
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Table 1 Grid dimensions, number of points in the boundary layer.

f=13 F=11 £=1.05
33x17, 8 33x34, 9 33x 51, 10
33x20, 10 33 x4l, 12 33x64, 14
33x23, 12 33 x 48, 16 33x78, 20
33x25, 15 33 %55, 22 33x92, 27

f=1.3 (high), f=1.1 (medium), and f = 1.05 (small). For each
Jfand each scheme, the grid refinement was carried out in the
physical domain by subsequently halving the grid spacing in
the normal direction only, resulting in the following sequence
of the first grid spacing Ay, (next to the solid wall): 0.015,
0.0075, 0.00375, and 0.001875. The entire matrix of the grid
combinations and the corresponding number of grid points, as
well as the number of points in the boundary layer, are shown
in Table 1. In the x direction along the plate, 33 points were
uniformly distributed. This distribution was the same for all of
the cases.

Presently, the number of the possible upwind schemes and
their variations seems to be endless. In order to keep the extent
of this study within manageable limits, only two main repre-
sentatives of the upwind schemes, with some of the possible
modifications, were considered here. The schemes were pre-
sented in sufficient detail in previous publications and will,
therefore, be mentioned here only briefly.

Scheme 1

—An implicit flux-vector splitting scheme (FVSS) for solving
the Navier-Stokes equations, as introduced by von Lavante
and Melson.’ This finite-volume scheme is based on van Leer
splitting and uses the MUSCL approach to determine the value
of the dependent conservative variables Q at the cell faces. No
flux limiters were applied because of the low freestream Mach
number. Three versions of this method were investigated: 1)
second-order scheme with extrapolation of Q in the computa-
tional (transformed) domain; 2) second-order scheme with ex-
trapolation of Q in the physical domain, taking into account
the unequai length of the cells; and 3) third-order scheme with
extrapolation of Q in the computational domain. All of the
schemes use the second-order viscous terms and are, therefore,
formally second-order accurate. The preceding notation re-
lates only to the convective terms.

Scheme 11

—An implicit flux-difference splitting scheme (FDSS), based
on Roe’s approximate Riemann solver* in its finite-volume
form. It again émployed the MUSCL differencing without flux
limiters. The formulation uses the well-known Roe averaging*
to approximately solve the Riemann problem at the cell inter-
faces. Two versions of this method were treated: 1) third-order
form of the basic scheme and 2) third-order form with explic-
itly added artificial dissipation. This version of the FDSS
seems to negate the main advantages of this scheme. It has
been proposed as a ‘‘quick fix’’ for some of the problems this
scheme experienced at stagnation points of hypersonic and
high Mach number supersonic flows. Here, in the expression
for the numerical flux at a cell interface F is!

F=Y [Fg +F, —S|A8~%Qr — QL) M

where the subscripts R and L denote the ‘‘right”” and “‘left”
states relative to a quasi-one-dimensional cell interface and F,
and Fj are the physical fluxes formed from the corresponding
conservative variables Q; and Qg. The diagonal matrix [A]is
modified by additional damping terms. The new diagonal ma-
trix |Al, (the caret denotes expression formed from Roe’s aver-
aged variables) is obtained from \f\,»]g = d;, where d; = |A}]
when |\;|= e and d; = 1/2¢ [(\,)? + €8] when |};| <e. The value
of the damping coefficient was e = 0.2. This seems to be at the
higher end of the recommended range. The results obtained
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from this version should be representative for this approach.
The boundary conditions used in this study are given in Ref. 5.

A meaningful comparison of the results requires proper
choice of a measure of the global error. Many investigators
used, for this purpose, the skin-friction coefficient C;. How-
ever, very early in the present investigation it was found that
the Cycoefficient was not an appropriate measure of the global
accuracy. In many cases, the Cy values showed very good
agreement with the theoretical value given by the Blasius solu-
tion since the slope of the velocity profile at the wall was
correct, but the velocity profile significantly deviated from the
Blasius profile in the area of high second derivative of the
velocity (‘‘knee’’ of the velocity profile), as shown in Fig. 1.
Therefore, it was decided to use an rms of the difference
between the present velocity results and the Blasius results
within the boundary layer

1 n
E’T = J; kgl(uk - uB]asius)2 (2)

where the Blasius results were modified to account for com-
pressibility.

The error E,, was evaluated in the middle of the flat plate in
order to limit the influence of the plate leading edge as well as
that of the nonreflection outflow boundary conditions.

It should be noted that the Blasius solution is the result of a
different (simplified) mathematical model of the flow than the
more general Navier-Stokes equations solved in the present
study. The present solution will tend to a slightly different
result as Ay —0, so that Ay —0, E,.—const, and not, as was
expected, E,,—0. This is particularly noticeable in the case of
the very fine grids.

Results

The resulting grid refinement plots, showing the log;q (E,,)
as a function of the log,, of the first (smallest) grid spacing in
the normal direction Ay, indicated that the second-order
FVSS was very similar for the extrapolations in the physical
and the computational domains. The highest grid stretching
reduced the accuracy of the method to less than first order. As
the stretching was reduced, the accuracy improved, approach-
ing the formal second-order level. The third-order FVSS has
the same general tendency, with somewhat lower error levels
than the second-order schemes. In the case of f = 1.05 (lowest
stretching), second-order accuracy is recovered on the coarser
grids and on the finest grids; the error approaches the final
constant value.

In contrast to the FVSS, the accuracy of the FDSS is inde-
pendent of the stretching. Even on the highly stretched coarse
grid, with f = 1.3, the sche’me is second-order accurate. The
quality of these results becomes evident when the boundary-

K] -8 K -8 1.0
u/sut usuI

Fig. 1 Comparison of predicted velocity profiles with the Blasius
results.
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layer u-velocity profiles from the FVSS and FDSS are com-
pared. The results shown in Fig. 1 were obtained on the coars-
est grid (33 x 17) with the highest stretching. The result from
the FDSS is clearly superior to the FVSS.

Finally, the addition of artificial damping effectively
negates the advantage of the FDSS, making its results com-
parable with the FVSS.

The preceding behavior is explained by detailed examination
of the artificial damping terms. Extending the approach of
Vatsa et al.® the damping term in Eq. (1) is written in the j
direction normal to the plate

M As
T x| »AU,
[Rs|pAJ * /28
|Ne|PAT — /28

1
Dijy= 2 Yy =YD’ €)]

where As is the difference in entropy between the left and right
states, AU, is the jump in normal velocity, and AJ*, AJ ~ the
jumps in the corresponding Riemann invariants at the cell face

i,j + %. It has been shown in Ref. 6 that D’ is small in a
boundary layer, since };, N, = D are small and multiply As and
PAU,, which are 0(1); AJ * and AJ ~ are also small. The result-
ing contribution of the damping to the flux difference is

oD; =D, ,,—D;j_12=80,D’"); “

which is clearly proportional to the grid stretching y,, in the
direction normal to the wall. Since D’ is small, the effect of
grid stretching on the results will also be small.

In the case of the flux-vector splitting and the central-
difference schemes, expressions similar to Eq. (3) can be ob-
tained.® Here, however, the damping term D’ is not small,
since A, and X; are not small.® The grid stretching in Eq. (4)
will, therefore, increase the artificial damping of the scheme
and thus contaminate the results in viscous sublayers. The
addition of small damping e to |N;] in the Roe’s scheme had the
same effect and resulted in errors that were similar to the
flux-vector splitting scheme.

Conclusions

The present comparative study of the different upwind
schemes for solving the Navier-Stokes equations, as applied to
a simple problem, indicates that the flux-difference splitting
scheme produces more accurate results on coarse, highly
stretched grids than the flux-vector splitting scheme.
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HE structure of the contact discontinuity at the triple

point of a pseudosteady Mach reflection was recon-
sidered, as it is known that in some cases the classical
““three shock theory”’ fails to accurately predict the angles be-
tween the four discontinuities of the triple point.! Based on
experimental records, the slipstream was replaced by an angu-
lar mixing zone. Integrating this change into the ‘‘three shock
theory’’ resulted in very good agreement with the experimental
records.

Introduction and Theoretical Background

When a planar shock wave encounters a sharp compressive
corner, such as a leading edge of a wedge, in a shock tube, two
different types of reflection can occur. They are regular reflec-
tion and Mach reflection. The type of reflection which occurs
depends for a given gas on the incident shock wave Mach
number M, and the reflecting wedge angle 6,,.

The Mach reflection consists of four discontinuities, the in-
cident shock i, the reflected shock r, the Mach stem 1, and the
slipstream s. These four discontinuities coincide at the triple
point 7. Over a plane wedge, the triple point moves along a
straight line making an angle X with the reflecting wedge sur-
face. The shock reflection process over plane wedges in shock
tubes was found to be self-similar by many experimental-
ists. 23

By attaching a frame of reference to the triple point, the
nonstationary Mach reflection is transformed to a pseudo-
steady Mach reflection (Fig. 1a). Thus, the shock waves can be
treated using the steady flow theory. Assuming that at the
vicinity of the triple point the shock waves are straight, the
oblique-shock-wave-conservation equations can be applied
separately to the shock waves. The conservation equations are

p;u; sing; =p;u; sin(¢; —6,) 18))

p; tang; =p; tan(¢; —0,) )
P;+pu;? sin?¢; =P, + p;u;? sin(¢; —6,) 3
hy+1/2u? sin’, = h; + 1/2u? sin*(@; —0)) @)

where p is the density, P the static pressure, / the enthalpy, ©
the flow velocity, ¢ the incident angle, and @ the deflection
angle, i =0 and j = 1 for the incident shock, i =1 and j =2 for
the reflected shock, and i =0 and j =3 for the Mach stem. If
the flow regions are assumed to be in thermodynamic equi-
librium, then the above set of 12 equations consists of 18
variables, namely, Py, P,, P;, Ty, T, Ts, T3, o, Uy, Us, U3, @1,
¢, ¢3, 0y, 62, and 6;. Usually four of these 18 variables,
namely, Py, Ty, uo, and ¢, are known as initial conditions.
Thus, the above set of 12 equations contains 14 unknowns.
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